STATISTICAL EXTENSION OF CLASSICAL TAUBERIAN 
THEOREMS IN THE CASE OF LOGARITHMIC SUMMABILITY 
OF LOCALLY INTEGRABLE FUNCTIONS ON [l,oo) 
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Abstract. Let s : [1, oo) -> C be a locally integrablc function in Lebcsgue's 
sense. The logarithmic (also called harmonic) mean of the function s is defined 

by 

l r* six) 

r(t) := / -—?-dx, t>l, 

log tJi x 

where the logarithm is to base e. Besides the ordinary limit lim^-joo s(x), wc 
also use the notion of the so-called statistical limit of s at oo, in notation: 
st-lim^—joo s(x) = I, by which we mean that for every e > 0, 

lim -\{x £ (1, b) : \s(x) - i\ > s\\ = 0. 

We also use the ordinary limit limt_>oo r(t) as well as the statistical limit 
st-limt-joo r(t). 

We will prove the following Tauberian theorem: Suppose that the real- 
valued function s is slowly decreasing or the complex-valued s is slowly os- 
cillating. If the statistical limit st-limt— >t x> 7"(t) — i exists, then the ordinary 
limit lim^—j-oo s(x) = £ also exists. 



1. Introduction 

We consider real- and complex- valued functions which are measurable (in Lebesgue 
sense) on some interval (a, oo), where a > 0. We recall (see in [6]) that a function 
s has statistical limit at oo if there exists a number I such that for every e > 0, 

(1.1) lim —— lx e (a, b) : \s(x) - l\ > e) =0, 
6-s-oo b — a I ) 

where by |{-}| wc denote the Lebesgue measure of the set indicated in {•}. If this 
is the case, we write 

(1.2) st-lim s{x) = I. 

x— too 

Clearly, the statistical limit £ is uniquely determined if it exists. The particular 
choice of the left endpoint a in the definition domain of the function s is indifferent 
in (|1.1[) . Furthermore, if the ordinary limit 

(1.3) lim s(x) = £ 

X— >oo 

exists, then (jl.2l) also exists. But the converse implication is not true in general. 
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We note that the notion of the statistical limit of a measurable function at oo is 
the nondiscrete version of the notion of the statistical convergence of a sequence of 
real or complex numbers, which was introduced by Fast pQ. 

If the function s : [1, oo) — > C is integrable in Lebesgue's sense in every bounded 
interval (l,t), t > 1, in symbols: / G Ll oc [l,oo), then its logarithmic (also called 
harmonic) mean r(t) of order 1 is defined by 

(1.4) T{t):= j_ r ts M dX) t>lj 

where the logarithm is to the natural base e. The function s is said to be logarithmic 
summable at oo, or biefly summable (L, 1), if the finite limit 

(1.5) lim r(t)= I 

t— >oo 

exists. It is easy to check that if the ordinary limit (| 1 . 3j) exists, then (|1.5|) also 
exists with the same £. 

The converse implication (|1.5[) => (11. 3[) is usually false. However, if we subject the 
function s to an appropriate additional condition, then the implication ()1 .5[) => ()1 .3[) 
does hold. Such conditions are called 'Tauberian' ones, and the theorems involving 
such conditions are also called 'Tauberian' ones; after A. Tauber [TT5], who first 
proved one of the simplest of them. 

We recall (see in (SJ), that a function s : [1, oo) — > K is said to be slowly decreasing 
with respect to logarithmic summability, or briefly: summability (L, 1), if 

(1.6) lim liminf inf ( S W — s ( x )) ^ 0- 

A— >1+ >oo log x < log t< A log x 

Since the auxiliary function 

a(A) := liminf inf (s(t) — s(x)), A > 1, 

x— ¥oo log x<log t< A log X 

is clearly decreasing in A on the interval (1, oo), the term 'lim /)l _ >1 +' in (|1.6j) can be 
equivalently replaced by 'sup A>1 '. 
We observe that the conditions 

logs < logf < Alogx and x < t < x x , x > 1, 

are equivalent. In the sequel, we will use the second one of them. It is easy to 
check that condition ()1.6[) is satisfied if and only if for every e > there exist 
.To = xo(e) > 1 and A = A(e) > 1, the latter one is as close to 1 as we want, such 
that 

(1.7) s(t) — s(x) > —e whenever xq < x < t < x x . 

Historically, the term 'slow decrease' was introduced by Schmidt [9] (see also in 
3, p. 124]), in the case of the summability (C, 1) of sequences of real numbers. 

We note that the symmetric counterpart of the notion of slow decrease is the 
folloving one: a real-valued function s is said to be slowly increasing with respect 
to summability (L, 1) if 

lim lim sup sup (s(t) — s(x)) < 0. 

A-J-1+ x— toe x <t<x x 

Clearly, a function s is slowly increasing if and only if the function (— s) is slowly 
decreasing. 
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We recall (see in [8]), that a function s : [1, oo) — > C is said to be slowly oscillating 
with respect to summability (L, 1) if 

(1.8) lim limsup sup \s(t) — s(x)\ = 0. 

A-S-1+ x< t< x x 

Again, the term 'lim A _ J . 1 +' in ()1.8j) can be equivalently replaced by 'infA>i'. 

Analogously to (|1.7j) . condition ()1.8|) is satisfied if and only if for every e > 
there exist xo — xo(e) > 1 and A = A(e) > 1, the latter one is as close as to 1 as we 
want, such that 

(1.9) \s(t) — s(x)\ < e whenever xq < x < t < x x . 

It is easy to see that a real-valued function s is slowly oscillating if and only if s is 
both slowly decreasing and slowly increasing. 

Historically, the term 'slow oscillation' was introduced by Hardy [2] (see also in 
[31 p. 124]), in the case of the summability (C, 1) of sequences of numbers. 

We note that in the special case when 

s(x) := / f(u)du, x>l, 

where / G Ll oc [l, oo), one can easily get sufficient conditions for the fulfillment of 
(|1.7|) and (jl.9p . respectively. If / is a real- valued function such that 

(1.10) u(logu)f(u) > —C at almost every u > xq, 

where C > and xq > 1 are constants, then the function s is slowly decreasing 
with respect to summability (L, 1). Furthermore, if / is a complex- valued function 
such that 

(1.11) (logu)|/(u)| < C at almost every u > x Q , 

where C > and xq > 1 are constants, then the function s is slowly oscillating 
with respect to summability (L, 1). 

Condition (|1.10|) is called a one-sided Tauberian condition, while (11.11[) is called 
a two-sided Tauberian condition. These terms go back to Landau [5] with respect 
to summability (C, 1) of sequences of real numbers; and to Hardy [2] (see also in [3l 
p. 124]) with respect to summability (C, 1) of sequences of real or complex numbers. 

The following two classical Tauberian theorems were proved in [5J Corollaries 1 
and 2]. 

Theorem A. // a function s : [1, oo) — >• K is slowly decreasing with respect to 
summability (L, 1), then the implication (|1.5j) (|1.3j) holds true. 

Theorem B. // a function s : [1, oo) — > C is slowly oscillating with respect to 
summability (L, 1), then the implication (jl.5[) (jl.3[) holds true. 

We note that in the case of sequences of real numbers, a theorem analogous to 
Theorem A was proved by Kwee [H Lemma 3] . 

2. New results 

First, we prove that if a measurable function s is slowly decreasing or oscillating 
with respect to summability (L, 1), then the existence of the stastistical limit £ of s 
at oo implies the existence of the ordinary limit of s at oo to the same limit i. 
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Theorem 1. // a real-valued function s : [l,oo) —> R is measurable and slowly 
decreasing with respect to summability (L, 1), then the implication ()1 .2[) =>■ (|1.3|l 
ZioZds true. 

Theorem 2. //a complex-valued function s : [1, oo) — > C is measurable and slowly 
oscillating with respect to summability (L,l), then the implication (|1.2j) =>• ()1.3j) 
ZioZds true. 

The next two theorems are the main results of the present paper. They state 
that under the Tauberian condition of slow decrease or slow oscillation, respectively, 
(II. 3[) follows from the existence of the even weaker limit 



Theorem 3. If s 6 L loc [l,oo) is a real-valued function and slowly decreasing with 
respect to summability (L, 1), then the implication f|2. 1|) =>■ (|1.3j) ZioZds true. 

Theorem 4. If s £ Lj oc [l,oo) is a complex-valued function and slowly oscillating 
with respect to summability (£,1), then the implication f|2. 1[) => ()1.3|) holds true. 

We note that analogous theorems were proved in [7J for sequences of real and 
complex numbers, respectively. However, the method of the proof in the present 
paper is more straightforward than that in [Jj. As a result, the present proofs are 
essentially shorter and more transparent than those in [Jj. 



Our Lemma[T]is analogous to the famous Vijayaraghavan lemma (see in 1 1 1 1 and 
also in [3l Theorem 239 on p. 307]), which relates to the slow decrease with respect 
to summability (C, 1) in the case of sequences of real numbers. Our Lemma Q] 
relates to slow decrease with respect to summability (L, 1) in the case of real-valued 
functions. 

Lemma 1. If a function s : [1, oo) — > K is such that the condition (|1.7[) is satisfied 
only for e :— 1, where Xq > 1 and A > 1, then there exists a constant B\ > such 
that 



(2.1) 



st-lim r(t) = t. 



3. Auxiliary results 



(3.1) 




whenever xq < x < t 




where q is defined by the condition 

(3.3) t q+ i < x < t q . 

By (|1.7p and (|3 . 3[) . we estimate as follows: 



(3.4) s(t) - s{x) = (*(*p-i) " s(t p )) + (s(t q ) - s(x)) >-q-l. 



p=i 



It is clear that 



(3.5) 



— \ogt > logx, or equivalcntly 
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Combining (|3.4|) and (|3.5[) gives 

(3.6) s(t) - s(x) > -1 - r^— log f ^il) whenever x < x < t 1/x . 

logA Vlogx/ 

Since it follows from x < t 1 ^ that 

(3.7) i og A<log(^i), 

V log x / 

we conclude from (|3.6|) that (13. ip holds with Si := 2/ log A. □ 

Our Lemma [2] is the counterpart of Lemma [T] in the case of complex- valued 
functions. 

Lemma 2. If a function s : [1, oo) — > C is such that the condition (|1.9p is satisfied 
only for e := I, where xq > 1 a«c? A > 1, then with B\ := 2/ log A we /iawe 

(3.8) \s(t) - s{x)\ < B 1 log (^-] whenever x < x < t 1/x . 

Vlogx/ 

Proof. It goes along the same lines as the proof of Lemma [T] For given xq < x < 
t 1/x , we define t , *i, t q+1 by $3/2$ and <j3T3j) . Using (HHJ) and (O gives 

(3.9) \s(t)-s(x)\ <5^|s(tp_i-s(tp)| + |a(i g )-a(a;)| <q+l. 

P =i 

Combining (|3.5p and (|3.9p we obtain 

\s(t) - s(x)\ < 1 + r— r log fr^l whenever x < x < t 1/A 
log A V log x J 

(c.f. (|3.6p ). Tking into account (|3.7p . hence Q3.8P follows with the same constant 
B\ := 2/ log A as in LemmaHJ □ 

The next two lemmas are corollaries of Lemmas Q] and [2j respectively. 

Lemma 3. Under the assumptions of Lemma [IJ there exists a constant B2 > 
such that 

I r l S (A — s <x) 

(3.10) / dx > —Bi whenever t > x x . 

^ogtj xo x 

Proof. Without loss of generality, we may assume that xo > e. By (|1.7p with e := 1 
and (|3.ip . we estimate as follows: 

S(t)-,(X)^_1 F" /•' )>,/) • .sir! (/( . 



4 i/a J a; 

. 1 /logt\ , f dx 

> -B 1 / -log (-2- )dx 1 

x V log x / 



t l/A x 

A- 1 



^ r n 1 A f dx J- R f logloga: w 
> -Si (log log t) I h B 1 / cto 

J Xn 'X J Xn ^ 



, log t. 

X 
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Integration by parts gives 

/o „, f log log x , r n , /•' dx 

(3.12) / 6 6 dx = (log log a;) log a; -/ — 

Jx x ^ 1 x ° Jx X 

= (loglog(i 1/A )logi 1/A - (loglogx )loga;o - logi 1/A + logx 

(log log t) log t log A , . , , / x 

= V \' B 1- log f - (log log x ) log x - log t l ' x + log s . 

Returning to p. lip , we obtain 

(3.13) f W-M* 

log A log t 

> -Bi — — log t - Bi (log log x ) log x - Bi -j— + Bi log x 



log A (log log z )logzo 1 
A log* A 

log A (log log x ) 1 



> -Si (log t) 

^- B ^\ X ' A ' A, 
where we took into account that (loga;o)/(logt) < 1/A. Now, the last expression 
on the right-hand side of (|3.13p proves (|3.11j) with the constant 

(3.14) B 2 := ^(logA + loglogxo + 1). 

□ 

The counterpart of Lemma [3] in the case of complex- valued functions reads as 
follows. 

Lemma 4. Under the assumptions of Lemma ® there exists a constant B 2 > 
such that 

(3.15) — !— f ^ - S ^ dx < B 2 whenever t>x^. 
log t J Xo x 

Proof. It goes along analogous lines as the proof of Lemma [3] By (|1.9p with e := 1 
and (|3. 81) . we estimate as follows. 

dx + 



(3.i6) r ^ dx < ft r 1/A - log m) - ^ /•* da; 

./,„ a; /„„ x Vlogx/ 



t l/A X 

(cf. ([5XT]) ). Combining (pTT2"|l and 3.16 we obtain 

(3.i7) /' dx < Bl (io g t)( 1 ^ + (logl f o) + 1 

Jxo x V A A A/ 

Thus, we have proved (|3. 15|) with the same constant B 2 as given in f|3 . 14|) . □ 

4. Proofs of Theorems HHH 

Proof of Theorem^ Let e > 0, xq > 1 and A > 1 be arbitrarily given. By assump- 
tion, the statistical limit I of the function s exists at oo. Thus, by (jl.ip with a := 1, 
there exists b\ > xq such that 

\s(h)-£\ <e. 

We distinguish between two cases: 
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(i) There exists some 62 G (&i >&i) such that 

(4.1) |«(6a)-^|<e; 

(ii) There is no such 62; that is, we have 

|s(i) - £| > £ for every t G (6^, ft*). 

In the latter case, we choose some 62 > &i for which (|4.1I) is satisfied. Due to 

such 62 certainly exists. 
We repeat the previous step by starting with 62, and so on. As a result, we 
obtain an increasing sequence (b n :n=l,2,...)of numbers such that 

(4.2) |«(&n)-*|<e, n = l,2,.... 
We claim that the case when 

(4.3) |s(t)-*|> e> for every t G (bf, b x ) 

cannot occur for infinitely many values of n. Otherwise, for infinitely many n we 
would have 

±{te (l,b„) : \s(t) -£\>e} = b x n ~ l - b^- 1 > b^ 1 - bf- 1 > 0, 

®n 

and this contradicts . Consequently, inequality (|4.3j) can occur only for finitely 
many values of n. Denote by no the largest value of n for which (|4.3I) holds (perhaps 
no = in the case when (|4.3p does not occur at all). Consequently, we have 

(4.4) b n+1 < b n for n = no + l,no + 2, . . . . 
On the other hand, by definition we also have 

b n +i > &„ for n = n + 1, n + 2, . . . , 
whence it follows that 

lim b n — 00. 
By the condition ()1.7|) of slow decrease, we have 

(4.5) s(i) — s(b n ) > —e whenever xq < b n < t < b x , n > n . 
Now, let t G (b n , b n +i] for some n > uq. By (|4.4|) . we have 

(4.6) b n < t < b n+1 <b x <t x . 

On the one hand, it follows from (|4.2j) and (|4.5|) that if n > no, then for every 
t e (b n , b n+ i], 

(4.7) s(t) - I = (s(t) - s(b n )) + (s(b n ) -£)> -2e. 
On the other hand, it follows from f|4~2]) and (|3~4")l -(|4.6 p that 

(4.8) s(t) - £ = (s(t) - s(b n+1 )) + (s(b n+1 ) -£)< 2e. 
Putting together (|4~71) and (Ot gives 

OO 

\s(t) -£\<2e for every t G (J (&„, = (&„ +i, 00). 

Since e > is arbitrary, this proves that the ordinary limit of s exists at 00 and it 
equals £. □ 
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Proof of Theorem [2l It is analogous to the proof of Theorem [TJ Again, we can 
show that for every e > and A > 1, there exists an increasing sequence (b n : 
n = 1,2,...) of numbers tending to oo, while conditions (|4.2I) and (14.4)) are also 
satisfied. 

By the condition (jl.9p of slow oscillation, we have 
(4.9) \s(t) - s(b n )\ < £ whenever x < b n < t < b„ 

(cf. (|4T5]>). Now, it follows from (gUJ), (03]) and (g^J that 

\s(t) -t\< \s(t) - s(b n )\ + \s(b„) -l\<2e 

OO 

for every te (J (&„, b n+1 ] = (b no+1 , oo). 

n— no + l 

Since e > is arbitrary, this proves that the ordinary limit of s exists at oo and it 
equals £. □ 



Proof of Theorem O It hinges on Lemma [3] and Theorem [TJ 

First, we prove that if the condition (11.71) of slow decrease is satisfied for a single 
£ > 0, say e := 1, then we have 

(4.10) liminf^>0. 

x— too x 



Indeed, from (jl.7l) with e = 1 it follows that for p = 1, 2, . . . we have 

s(xq P ) — s(xo) > — p, where xo := xq(1) > 1 and A = A(l) > 1; 
whence we conclude that 

^P>^#-^-0 as p^oc. 

Xq Xq Xq 

Now, the fulfillment of (|4.10[) is obvious. 

Second, we prove that if the real- valued function s G Li oc [l, oo) is slowly decreas- 
ing, then so is its logarithmic mean r(t) defined in (|1.4|) . To this effect, let some 
< e < 1 be given, and let xq < x < t < x x , where xo — xo(e) and A = A(e) occur 
in p.7l) and this time A is chosen so close to 1 that 



(4.11) 1<A<1 + —— 

maxjl, B 2 \ 



where B2 is from (|3.10|) . 
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By definiton (|1.4j) . we estimate as follows 
(4.12) 

ir* s(u) , i r s(u) , 

tU) - t(x) := / du - / du 

logt J 1 u log a: J 1 u 

' ' ■du+ / du 



log x log t/J 1 u log t J x u 

1 \ f x six) — s(u) , 1 f s(u) — s(x) , 
' ' J du + / — du 



log a; 


logt 


1 


1 


logx 


logt 


1 


1 



u log t J x u 

x ° rx \ six) - siu) , 1 f* siu) - six) , 
^ — + / — du 

x } U logt J x U 

i \ r° siu) , 

11 du 



ogx logt/ J i u 
1 1 \ f x six) - s{u) , 1 /"* siu) - s{x) , 

SU+ ; / du 



-e. 



Aogx logt J J XQ u \ogtJ x 
=: Ji + J 2 + J3 + Ji, say. 
It follows from (|4~TU|) that 

(4.13) liminfJi > 0. 

x— >oo 

Since s G Ll oc [l, 00), we have 

(4.14) lim J 2 = 0. 

x—too 

It follows from x < t < x x that 

(4.15) T<£ 5£ - 
v y A ~ logt 

Using inequalities f|4. 1 1[) and (|4. 13|) . by Lemma [3] we estimate as follows 

(4.16) J 3 >-S 2 (l-^|) >--B 2 (l-~) >-S a (A-l) 

Using again the condition (|1.7[) of slow decrease; (|4.11[) and (|4.15l) gives 

1 f* du ( logx\ / In 

4.17 J 4 > / — = -(l--2-) >_(1__) >-(A-l)>- £ . 

y ' logtJ x u V logt J ~ V A/ ~~ 

Combining (l4TT2)) - (j4Tf|) yields 

r(t) — r(a;) > — 4e whenever xo < x < t < x x , 

provided that x is large enough, where we also took into account the limit relations 
in (14. 13)) and (I4.14[) . This proves that r(t) is also slowly decreasing. Therefore, 
we may apply Theorem [T] in Section 2, according to which r(t) converges in the 
ordinary sense as t —> 00 to the same limit I. 

Finally, we apply Theorem A in Section 1 to conclude the ordinary convergence 
of s(x) to £ as x —> co, again due to the slow decrease of the function s. 

The proof of Theorem [3] is complete. □ 

Proof of Theorem 01 It is analogous to the proof of Theorem[3j while using Lemma|4] 
instead of Lemma [3j and applying Theorem B instead of Theorem A in the last 
step in the proof. The details are left to the reader. □ 
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